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Class probabilities predicted by most multiclass classifiers are uncalibrated, often
tending towards over-confidence. With neural networks, calibration can be
iImproved by temperature scaling, a method to learn a single corrective
multiplicative factor for inputs to the last softmax layer. On non-neural models the
existing methods apply binary calibration in a pairwise or one-vs-rest fashion. We
propose a natively multiclass calibration method applicable to classifiers from any
model class, derived from Dirichlet distributions and generalising the beta
calibration method from binary classification. It is easily implemented with neural
nets since it is equivalent to log-transforming the uncalibrated probabilities,
followed by one linear layer and softmax.

Contributions

> Dirichlet calibration:
¢ Parametric multi-class calibration method
® General-purpose (acts in class probability space)

® Easy to implement as a neural layer or
as multinomial logistic regression on
log-transformed class probabilities

Derived from Beta distribution

Beta calibration!?]

(+ constrained variants)

Derived from Gaussian distribution

Platt scaling!'!

Derived from Dirichlet distribution

Dirichlet calibration

(+ constrained variants)

Matrix scalingl®!

(+ vector scaling,
+ temperature scaling)

> ODIR (Off-Diagonal and Intercept Regularisation):

® A new regularization method for Dirichlet calibration and matrix scaling

> (Clarifications in calibration evaluation of multi-class classifiers.

Is my multiclass classifier calibrated?

Multiclass classifer: p(X) = (p1(X),...,pr(X)) € Ay C [0,1]%

Ye{l,...,k}

PY=i|pX)=q)=g¢q for qe Ay; i=1,...,k
PY=i|pi(X)=¢q)=q  for ¢g€[0,1]; i=1,...,k

P(Y =argmaxp(X) | maxp(X)=c)=c  for c€|0,1]

Actual class:
Multiclass-calibrated:

Classwise-calibrated:

Confidence-calibrated:

How often are classifiers classwise-calibrated? Example on a neural network
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svc-linear -
svc-rbf | .
The proportion of cases tree I uncalibrated temperature vector D'_r'ChI_et
: 5 | scaling scaling calibration
where the null hypothesis @ forest o ~dll dl iotdl
. . = o 1o (a) Conf-reliability (UncaIA)/ w(b)Conf—rellablIny (Temp.Scal.) w'(a)Co_n_f-rehablllty(Vec.ScaI.) 107Conf—r<—3|lab|llty(D|r|chletCaI.)
that the model is classwise- ~ §  logistic -—— = | = Yoo ) e
. = Ida - . |
calibrated was accepted, © ada - confidence- _ - N N
across 20 d_ataspts (5x5-fold cnn reliability £
cross-validation on each): adas diagrams: < < <
nbayes
00 02 04 06 08 U Gsenie T cannenes Y ondenie Y Contdence

Proportion (out of 500)

[1] J. Platt. Probabilities for SV machines. In Advances in Large Margin Classifiers,
pages 61-74, MIT Press, 2000.

[2] M. Kull, T. Silva Filho, P. Flach. Beta calibration: a well-founded and easily
implemented improvement on logistic calibration for binary classifiers. AISTATS 2017
[3] C. Guo, G. Pleiss, Y. Sun, and K. Q. Weinberger. On Calibration of Modern
Neural Networks. ICML 2017

class-2-
reliability £

diagrams: * u M

0.2 0.4 0.6 0.8
Predicted Probability

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Predicted Probability Predicted Probability

Beyond temperature scaling:

How to calibrate a multiclass classifier:

1. Choose logit-space or class probability space
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2. Choose a calibration map family

Matrix Scalin
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3. Fit the calibration map

Dirichlet Calibration = matrix scaling on pseudo-logits
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= vector scaling on pseudo-logits

by minimising cross-entropy

on the validation data and
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optionally regularise (L2 or ODIR)
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Derivations of calibration maps

z(X) | Y=j ~ Gaussian(u?), 0?) — Platt scaling
P(X) | Y=j ~ Beta(a?), 30V))
p(X)|Y=j ~ Dirichlet(a))

Parametrisations of Dirichlet calibration maps

generative parametrisation:

linear parametrisation:

canonical parametrisation:

,UDirGen(q; «, 77) = (WlfDir(a(l)) (q)a s 77T]€fDir(a(k)) (q)) /Z
ppirLin(9; W, b) = 0(Wing + b)

—— Beta calibration
—— Dirichlet calibration

MLP on abalone dataset

Dirichlet ca(ljbration map:

Canonical parametrization:

q
(A, c)=0c(Aln — +1 i
pir (s A, €) = o(Aln 7 +Inc) |
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Interpretation of Dirichlet calibration maps

ConvNet on SVHN dataset

changes to the confusion

matrix after applying Dirichlet

canonical parametrization:

calibration map:
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Obtaining well-calibrated multiclass probabilities with Dirichlet calibration
Meelis Kull, Miquel Perello Nieto, Markus Kangsepp, Telmo Silva Filho, Hao Song, Peter Flach

Non-neural experiment

21 UCI datasets and
11 sklearn classifiers
= 231 settings

(actually 229 as Naive Bayes and QDA ran too long on shuttle)

Log-loss (average ranks)

Classwise-ECE (average ranks)

) 5-fold 3-fold
S times cross-validation __cross-validation
1/5 test 1/5 test calibrator
Original 1/3 train calibrator
Dataset
4/5 train 2/3 train classifier
and
validate calibrator

The proportion of cases
where the null hypothesis
that the model is classwise-

calibrated was accepted,

across 229 settings (5x5-fold
cross-validation on each):

Confidence-ECE (average ranks)

DirlL2 -
Isot I
DirODIR -
3 Beta -
T VecS-
€ WwidthB
TempS -
Uncal
FreqB -
0.0 012 Oj4 016

Proportion (out of 5725)

Error rate (average ranks)

Uncal DirL2 DirODIR Beta TempS VecS Isot FreqB WidthB Uncal DirL2 DirODIR Beta TempS VecS Isot FreqB WidthB Uncal DirL2 DirODIR Beta TempS VecS Isot FreqB WidthB Uncal DirL2 DirODIR Beta TempS VecS Isot FreqB WidthB
d 8.4 2.1 2.0 4.7 7.8 51 49 48 5.1 das 6.7 3.3 2.9 5.4 6.3 34 40 64 6.5 d 8.2 3.1 2.5 4.0 7.3 29 42 64 6.3 adas 7.5 3.1 2.5 5.7 7.5 55 45 4.2 44
forest 7.0 7 4.4 3.1 3.9 34 58 68 4.8 forest 7.6 5.6 3.4 3.6 5.0 21 27 83 6.7 forest 7.3 5.9 3.0 4.0 4.4 25 28 83 6.7 forest 5.5 5.4 5.7 3.6 4.8 39 45 69 4.7
k 8.2 2.8 4.9 6.4 7.2 54 27 44 3.0 knn 4.1 4.6 3.1 4.2 5.5 25 54 79 7.6 knn 4.0 4.7 3.2 4.5 4.1 34 55 81 7.5 nr 5.8 6.4 4.4 4.3 6.4 41 37 64 3.5
1d 7.4 1.9 3.0 3.5 5.6 40 72 71 5.2 lda 6.3 4.1 3.4 3.4 6.8 38 30 79 6.3 lda 6.7 4.4 3.0 3.4 6.0 40 33 80 6.2 lda 6.6 3.5 2.9 5.1 6.1 47 44 65 5.2
logistic 7.6 1.7 2.5 3.2 5.3 40 81 76 5.0 logistic 8.0 3.1 3.6 3.8 6.1 34 31 78 5.9 logistic 8.0 3.6 3.4 4.0 5.0 35 32 80 6.3 logistic 6.5 3.1 2.7 4.4 6.4 57 51 62 4.9
Ip 4.5 2.7 4.5 3.1 3.5 40 80 86 6.2 mlp 5.5 4.1 3.2 3.2 6.3 38 27 86 7.6 mlp 5.7 4.2 3.2 3.8 5.6 38 23 87 77 mlp 4.9 4.9 4.6 3.7 5.0 46 48 70 5.5
b 8.6 1.4 2.5 4.7 6.2 44 58 49 6.5 nbayes 7.4 2.8 1.9 5.0 7.8 34 38 70 6.0 bayes 8.0 3.8 2.3 4.3 5.6 35 36 75 6.3 nbayes 8.2 2.2 1.6 5.5 7.8 39 43 50 6.5
qd 7.5 2.2 3.0 3.8 5.4 45 67 73 4.6 qda 6.5 3.6 2.6 4.0 7.0 40 25 83 6.3 qda 6.5 4.3 2.9 4.0 6.2 40 22 84 6.5 qda 7.3 3.5 2.6 4.6 7.2 46 34 57 6.0
1 6.7 1.9 2.3 3.7 4.4 37 81 8l 6.0 sve-l 7.1 3.7 3.8 4.0 4.8 32 32 85 6.7 line 7.0 4.0 3.2 4.2 4.6 32 32 85 6.9 sve-linear 6.1 3.1 3.3 4.6 6.6 48 42 67 5.5
bf 7.6 4.0 3.4 3.7 5.7 29 60 54 6.3 sve-rbf 6.0 4.0 4.0 4.2 0 37 33 86 6.2 bf 5.7 4.5 4.4 4.6 4.0 40 32 86 6.0 sve-rbf 7.4 4.9 4.5 4.1 6.7 37 31 49 5.7
t 6.2 3.6 5.7 6.2 7.4 6.7 20 40 3.2 tree 2.2 6.3 4.0 3.7 4.2 34 50 85 7.7 t 2.0 6.2 4.1 3.0 3.7 37 59 88 7.6 e 3.8 6.9 5.5 4.6 3.6 55 45 53 5.3
grank  7.24  2.73 3.48 421 566 438 593 6.28 5.10 grank  6.12  4.12 3.28 4.05 89 334 354 7.99 6.67 grank  6.27  4.44 3.20 4.00 512 350 359 812 6.75 grank 631  4.30 3.67 456 618  4.64 4.24 590 5.20
CcD (p-value = 1.58e-103, #D = 229) CcD (p-value = 3.06e-148, #D = 229) cD (p-value = 7.14e-148, #D = 229) cD (p-value = 8.41e-43, #D = 229)
— — —
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
1 L T S S T T NS U N N RN U SR R 1 L L L L ! L 1 1 | Il 1 1 1 |
Dir2 Uncal DirODIR FreqB DirODIR FreqB DirODIR Uncal
DirODIR FreqB VecS WidthB VecS WidthB Isot Temp$S
Beta Isot Isot Uncal Isot Uncal DirL2 FreqB
Vec$S Temp$S Beta Temp$S Beta TempS Beta WidthB
WidthB DirL2 DirL2 VecS
14 CNNs for CIFAR-10, CIFAR-100, SVHN 14
Log-loss Classwise-ECE Error rate
general-purpose calibrators  calibrators using logits general-purpose calibrators  calibrators using logits general-purpose calibrators  calibrators using logits
Uncal | TempS Dir-L2 Dir-ODIR | VecS MS-ODIR Uncal | TempS Dir-L2 Dir-ODIR \ VecS MS-ODIR Uncal | TempS Dir-L2 Dir-ODIR \ VecS MS-ODIR
c10_convnet 0.391¢ | 0.195; 0.197,4 0.195, 0.1975 0.1963 c10_convnet 0.1046 | 0.0444  0.043, 0.0455 0.043, 0.0445 ¢10_convnet 6.184 6.184 6.38¢ 6.124 6.365 6.324
c10_densenet40 0.4285 | 0.2255 0.220, 0.224, 0.2233 0.2224 c10_densenet40 0.114¢ | 0.0405 0.034, 0.0374 0.0365 0.037;3 ¢10_densenet40 7.585 7.585 7.49, 7.534 7.523 7.502
c10leneth 0.823¢ | 0.8005  0.7445 0.7445 0.747, 0.743, c10.lenetd 0.198¢ | 0.1715 0.052; 0.0594 0.0572 0.0593 c10-lenet5 27.265 | 27.265 25.25; 25.445 25.493 25.504
c10_resnet110 0.358¢ | 0.2095 0.203; 0.2053 0.206, 0.204, c10_resnet110 0.098¢ | 0.0435 0.032; 0.0394 0.0373 0.0362 c10_resnet110 6.44; 6.444 6.54¢ 6.49,4 6.473 6.49,4
c10resnet110_-SD 0.303¢ | 0.1785  0.1774 0.1765 0.175, 0.175, ¢10_resnet110_SD 0.0866 | 0.0314 0.0315 0.0293 0.027 0.027, ¢10_resnet110_SD 5.965 5.965 5.904 5.771 5.833 5.812
c10_resnet_wide32 0.382¢ | 0.1915  0.185, 0.182, 0.1833 0.182, c10_resnet_wide32 0.0956 | 0.0485  0.0323 0.0294 0.0324 0.029, c10_resnet_wide32 6.075 6.075 5.944 5.762 5.74, 5.813
c100-convnet 1.641¢ | 0.942; 1.189; 0.961, 0.964, 0.9613 ¢100_convnet 0.424¢ | 0.227;  0.4025 0.2403 0.2414 0.2404 c100_convnet 26.12; | 26.12;  30.96¢4 26.223 26.564 26.605
¢100_densenet40 2.017¢ | 1.0572  1.2535 1.0594 1.0583 1.0514 ¢100_densenet40 0.4706 | 0.187,  0.3305 0.186, 0.189; 0.1914 ¢100_densenet40 30.005 | 30.005  33.48¢ 29.872 30.165 29.614
c100_lenet5 2.784¢ | 2.6505  2.5954 2.4904 2.5163 2.487, c100lenet5 0.4736 | 0.3855  0.2194 0.2134 0.203, 0.2143 c100lenet5 66.415 | 66.415 65.974 62.534 63.593 62.444
c100_resnet110 1.694¢ | 1.0925 1.2125 1.0964 1.0892 1.074, c100resnet110 0.4166 | 0.2013  0.3595 0.186, 0.1944 0.2034 c100resnet110 28.524 | 28.524  30.04¢ 28.364 28.402 28.453
¢100_resnet110_SD 1.353¢ | 0.9423  1.1985 0.945, 0.923, 0.927, c100_resnet110_-SD 0.3756 | 0.2034  0.3735 0.1893 0.1704 0.1862 ¢100_resnet110_SD 27174 | 27174 31.434 26.963 26.502 26.424
c100_resnet_wide32 1.802¢ | 0.9453  1.0875 0.953,4 0.937, 0.933, ¢100_resnet_wide32 0.4206 | 0.1864  0.3335 0.1804 0.1714 0.1803 c100_resnet_wide32 26.184 | 26.184  27.69 26.072 26.083 26.064
SVHN _convnet 0.205¢ | 0.1515  0.1425 0.1385 0.144, 0.138; SVHN_convnet 0.1596 | 0.0384  0.0435 0.0264 0.025, 0.0273 SVHN_convnet 3.835 3.835 3.433 3.351 3.524 3.372
SVHN resnet152_SD | 0.085¢ | 0.079;  0.0855 0.0802 0.0814 0.0815 SVHN _resnet152_.SD | 0.019, | 0.018; 0.0224 0.0203 0.0215 0.0214 SVHN _resnet152_SD | 1.855 1.85, 1.914 1.814 1.874 1.87,4
Average rank | 60 | 35 3.79 293 | 314 1.64 Average rank | 571 | 371 3.79 279 | 229 2.71 Average rank | 414 | 414 4.64 211 | 325 2.71
CcD (p-value = 1.41e-07, #D = 14) cD (p-value = 1.16e-05, #D = 14) CcD (p-value = 6.77e-04, #D = 14)
P i
1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
MS-ODIR L Uncal vecs L Uncal ) _
Dir-ODIR Dir-L2 MS-ODIR Dir-L2 Dir-ODIR DirL2
. MS-ODIR TempS
VecS TempS Dir-ODIR TempS
VecS Uncal

Conclusion:
> Dirichlet calibration:

O
O

O

O
O

New parametric general-purpose multiclass calibration method

Natural extension of two-class Beta calibration

Easy to implement as a neural layer or
as multinomial logistic regression on log-transformed class probabilities

Best or tied best average rank across 21 datasets x 11 classifiers
> ODIR regularisation:
Matrix scaling with ODIR is tied best in log-loss
Dirichlet with ODIR is tied best in error rate

Contact: meelis.kull@ut.ee
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